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Abstract-Turbulent Prandtl numbers have been deduced from measurements of mean velocity and mean 
temperature distributions and their half value radii for a liquid sodium jet discharging into essentially still 
Rnid. Results obtained indicate a velocity dependence and are similar to those reported in the hterature 
For pipe bows. The velocity dependence, which is assumed to be due to transition to an inert~a~~ond~t~ve 
flow regime where turbulent diffusion of heat inherent in the turbulent Prandtl number no longer exists, 
becomes pronounced at low veiocities. Combination of the new jet how and existing pipe how data for 
liquid sodium leads to a simple functional relationship between turbulent Prandtl number and eddy 
diffusivity of heat which may be readily solved for a,, once E,,, is known. The combined results show that, 
for liquid sodium, significant increases in turbulent Prandtl number occur when flow conditions lead to 

a&x < 2.5, that is, when a& < ‘z/Pr. 

tNl”RODlfCTlON 

~~VESTIGA~ON~ into heat transfer in a Liquid Metal 
Cooled Fast Breeder Reactor (LMFBR) are often 
carried out using water as the working fluid, as this 
allows a much simpler design of test facilities. Conse- 
quently, results of water experiments serve as a basis 
for the verification of computer codes developed for 
the determination of decay heat removal after shut- 
down ofan LMFBR [l]. 

These codes make use of turbulence models which 
are based on the ratio of the eddy diffusivity of 
momentums Ed, to the eddy diffusivity of heat, Ed* 
that is, the turbulent Prandtl number Pr, = E&+. For 
air and water, Pr, is assumed to be 0.9 independent of 
velocity, whereas fluids with a low molecular Prandtl 
number, such as liquid metals, show a velocity depen- 
dence f2]. 

Numerous reviews are available in the literature 
outlining the problem of turbulent heat transfer pre- 
diction from a knowledge of the velocity fieid and the 
turbulent Prandtl number. The most relevant of these 
for low Frandtl number fiows are by Jischa and Rieke 
[3] and Jischa [4]. These authors also attempt to 
obtain a turbuient Prandtl number expression by use 
of the transport equation for the turbulent heat Aux. 
By assuming that production and dissipation domin- 
ate the turbulent heat flux balance, the following result 
is obtained : 

Prt = K, + g&. 0) 

Application of this result to fully developed, heated 
wall pipe flow data yielded values of Ki = 0.9, 
K2 = 182.4 and m = 0.888. If turbufence Reynoids 
number is used instead of Re in equation (l), pn would 
be unity and Kz would change, but the basic Reynolds 
number dependence still exists. 

Sheriff and O’Kane f2] measured turbulent Prandtt 
numbers at the core of fully developed pipe flow by 
use of a point source of hot sodium located at the pipe 
centre fine. Such an arrangement leads to non-zero 
convective terms for the turbulent heat flux and hence 
does not completely satisfy the assumption that pro- 
duction of turbulent heat flux is balanced by its dis- 
sipation. The eddy diffusivities, and hence turbulent 
Prandtl numbers, obtained were similar to those 
reported by Fuchs [S], who used wall heating. The 
resuhs of Sheriff and U’Kane ]2] indicate that when 
E& < 0.25, Pr, increases rapidly towards infinite 
values as velocity is decreased, whereas those of Fuchs 
[S] approach a limit of 2.6. 

Convective effects are even more pronounced in 
free jets. Suitable data for jet flows at low Prandtl 
numbers, particularly liquid sodium, do not appear 
to exist. The purpose of this paper is to present such 
data for comparison with the pipe flow data in order 
to test for Reynolds number dependence. 



352 K. BREMHORST and L. KREBS 

NOMENCLATURE 

A,, A, constants V mean radial velocity [m s- ‘1 
A*, A, constants [rn- ‘1 X streamwise coordinate 
d jet exit diameter [m] x01, x02, X03, X04 effective origins [ml. 
k turbulent kinetic energy [m* s- ‘1 
P pressure [Pa] Greek symbols 
Pr molecular Prandtl number u molecular thermal diffusivity [m s- ‘1 

Pr, turbulent Prandtl number 6 temperature fluctuation [K] 
r radial coordinate [m] EM eddy diffusivity of momentum [m ss’] 
r 1,2,T half value radius for radial temperature E” eddy diffusivity of heat [m s- ‘1 

distribution [m] V kinematic viscosity [m s- ‘I. 
r1,2,u half value radius for radial velocity 

distribution [m] Superscripts 
Re Reynolds number based on bulk velocity - overbar denotes time averaging 

and jet exit diameter r.m.s. value. 

Reo Reynolds number based on U, and jet 
exit diameter Subscripts 

T mean temperature above T, [“Cl E evaluated at exit condition of centre bore 

T, free stream temperature [“Cl producing jet flow 
U streamwise velocity fluctuation [m s- ‘1 k based on turbulent kinetic energy 
u mean streamwise velocity above U, 

;f 
based on u‘ 

[m s- ‘1 jet centre line value 

u, free stream velocity [m s- ‘1 co free stream condition or flow outside of 
V radial velocity fluctuation [m s- ‘1 jet. 

BASIC EQUATIONS 
‘r&ydr. WI 

Equations of’ motion ‘Jo “A 

The streamwise Reynolds equation for steady, axi- 
symmetric jets of constant density, free of swirl, dis- 
charging into fluid moving with a constant velocity 

of u,, negligible viscous effects and negligible axial 
relative to radial gradients of turbulent quantities, is 
given by equation (2) [6], where U is taken relative to 
u ‘X’: 

Experimental results indicate that the Gaussian curve, 
equation (6), gives a good fit : 

where U. is the centre line velocity above U, and 
r ,,*,” is given by 

Introduction of the gradient diffusion assumption for 
eddy diffusivity of momentum 

leads to the x momentum equation 

where the mean radial velocity V, equation (5b), can 
be obtained from the continuity equation, equation 
(Sa), by integration : 

If the decay of U. follows 

where UE is the velocity above U, at the jet exit, then 
integration of equation (4) and the associated radial 
momentum equation for P, = constant [6], and use 
of equations (S)-(8), leads to the rather simple result 
at the jet centre line that 

ho 

W 
= A,A: 

16(ln2) 

[I+&(;+$]~ 
X 

[ I d+$! 
2 

+y 

2 

I, 
au 1 a(rv) 
jy+;ar=o (54 

(9) 
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Thermal energy eq~~~on 
Neglecting dissipation, internal heat generation and 

radiation heat transfer, the thermal energy equation 
for the above case becomes, in the Reynolds form for 
subsonic flow 

where T is the jet temperature above that of the outer 
flow, which is at T,. Introducing the gradient 
diffusion assumption for eddy diffusivity of heat 

;;T 
En = - aT/ar 

and neglecting axial gradients relative to radial ones 
on the right-hand side of equation (10) leads to 

(12) 

It should be noted that the molecular diffusion term 
has been retained as this is significant for low Prandtl 
number fluids. 

Assuming similar functional forms for temperature 
variations as for W yields 

z = exp [ -(ln2)(+J (13) 

where 

(14) 

Integration of equation (12) and use of equations 
(13)-( 15) again leads to a simple result at the jet centre 
line 

E~+CI A,& 
UEd =- 16(ln2) 

Combination of equations (9) and (16) yields the 
turbulent Prandtl number, Prt = E~~/E~~. 

EXPERIMENTAL EQUIPMENT AND 

INSTRUMENTATION 

Figure 1 gives a schematic of the liquid sodium 
test facility. The containment pipe of 0.11 m internal 

diameter provided the ambient flow into which the 
heated jet was injected. The latter was the central 
hole of a multibore jet block consisting of 0.0072 m 
diameter holes placed on a 0.0082 m triangular pitch. 
Flow was vertically upward and in order to avoid 
recirculation of the entrained flow, the ambient fluid 
was given an upward velocity of 0.05 m s-’ through 
the jet block. Ambient fluid was, therefore, at very 
low turbulence level with minimal natural convective 
effects. In order to permit measurements at various 
downstream distances, the jet block could be moved 
relative to the fixed radial traversing stations. 

A newly developed miniature, temperature com- 
pensated permanent magnet flow probe of 2.5 mm 
overall diameter was used to measure temperature 
and velocity [7]. Temperature sensors in this probe 
were chrom~l/alumel thermocouples. 

The temperature of the free stream flow was kept 
at 300°C whereas the temperature of the central jet 
was 329.X at the exit of the jet block. Fluid prop- 
erties were evaluated at the intermediate temperature 
of 307°C thus giving v = 3.86x 10m7 m2 s-l, 
a = 6.66 x lo--’ m2 s- ’ and a molecular Prandtl 
number of 0.0058. 

EXPERIMENTAL RESULTS 

The Gaussian curve fits radial velocity defect (that 
is, corrected for U,) and tem~rature profiles well for 
x/d 2 4. From these, the jet half value radii rIiz,” and 
r,/,,,-the radii at which U and T are half those at 
the centre line-were obtained. In order to test for a 
velocity or Reynolds number effect, measurements 
were performed at two jet exit velocities. 

Centre line velocities (Fig. 2) are seen to follow 
closely the inverse decay law of equation (8). Com- 
parisons with other data are included. The data of 
Corrsin [8] and Wilson and Danckwerts [9] were 
obtained in a heated jet of air whereas those of Kiser 
[lo] were obtained in water. The general correlation 
presented by Chen and Rodi [ 111 is also included. Any 
lateral shift of the curves due to differing effective 
origins can be ignored as such a shift depends on 
nozzle exit details and exit conditions. The slopes of 
trend lines through various data are seen to be in 
general agreement, although the data of Corrsin [8] 
and Kiser [ 101 also deviate somewhat from the linear 
relationship. Although the half value radii of velocity 
show some scatter (Fig. 3) the trends are in good 
agreement with the results of others and the form of 
equation (7). 

Decay of centre line temperatures (Fig. 4) is 
compared with data by Corrsin [8], Wilson and 
Danckwerts [9] and the correlation recommended by 
Chen and Rodi [l I]. In the case of the data of Wilson 
and Danckwerts [9], the anomalous low temperature 
result has been ignored. Correspon~ng temperature 
half value radii and the best fit of equation (14) are 
shown in Fig. 5, together with the values of Corrsin 
[S], Wilson and Danckwerts [9] and Chen and Rodi 
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Measuring plane I- 

Insulated pipe 
for heated sodium jet 

FIG. 1. Schematic of sodium test section. 

Sodium 

Sodiun 

[1 11. Except for the data of Wilson and Danckwerts 
[9], good agreement is indicated. 

Application of equation (16) to the results of Figs. 
2-5 leads to the estimate of the turbulent eddy diffu- 
sivity of heat with downstream distance as given in 
Fig. 6. The range of eHO/rz covered in the present 
experiments lies somewhat higher than that by pre- 
vious investigators in pipe flows [2, 51, but it is seen 

to be in the range where the turbulent eddy diffusivity 
of heat and the molecular diffusivity are of nearly 
equal importance. 

Equations (9) and (16) may be used with the results 
of Figs. 2-5 to give an estimate of turbulent Prandtl 
number (Fig. 7). These results indicate only a weak 
dependence of Pr, on local velocity and hence x/d but 
a distinct increase is observed with decreasing velocity 

10, 

FIG. 2. Centre line velocity decay. (+) U, =0.75 m SS’; (0) U, = 1.25 m s-‘; (x) Kiser [lo]. 
(-.-) Equation (8), A, = 4.3, x0,/d = 0. (--) Wilson and Danckwerts [9]. (p) Chen and Rodi [ll]. 
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1 1 

20 40 
x/d 

FIG. 3. Half value radii of velocity pro&s. (+) U, = 0.75 m s-I ; (c]) U, = 1.25 m s-‘. (-.-) Equation 
(71, A, = 0.183, x&d = 2.4. (--) Equation (7). A2 = 0.143, n,,,Jd = 4.4. (----) Chen and Rodi [Ill. 

for the Iow vefocity jet_ The rapid rise in Pr, with 
decreasing velocity and hence decreasing Reynolds 
number reported by Sheriff and O’Kane [2] and pre- 
dicted by Jischa [4] is not observed, probably because 
the present measurements could not be extended to 
sufficiently fow vatues of E&X 

Since turbulent heat transfer is a diffusive process 
governed by the action of the turbulence, it seems 
more appropriate to use a turbulent Reynolds 
number, I&=,,, as already given by Jischa [4], so that 
comparison of different types of turbulent flows 
becomes possible. Using the jet centre line turbulence 
intensity data of Corrsin IS] for resealing of the present 
data, and a centre line turbulence intensity of 0.025 
for fully developed pipe flow data published by Fuchs 
[S] and Sheriff and O’Kane [Z], the comparative data 
of Fig. 8 are obtained. 

A trend of the three different sets of data towards 
P’; = 0.9 at large ReynoIds number is apparent. it is 

clear, however, that Prt is not a unique function of 
Reynolds number as suggested by equation (1). This 
could be due to the lack of use of a local length 
scale in the definition of turbulent Reynolds number. 
However, quite large changes in such length scales 
from those used here wouId be required in order to 
reduce the results to a unique functional relationship 
between Pr, and Re,. 

Good consistency of results now available is 
noted when considering Pr, as a function of E&X 
rather than U, or Reynolds number directly (Fig. 9). 
The three different sets of results can be represented 
well by equation (17). While this function retains the 
dependence of Prt on velocity through the velocity 
dependence of &nO, it does exclude the case of 
.sH& =I 0 at finite Reynolds numbers reported by 
Sheriff and O’Kane [2]. As pointed out by these 
authors, omission of this limit is not of practical sig- 
nificance, since turbulent heat transfer becomes neg- 

FIG. 4. Centre Iine temperature decay. (+ f U, = 0.75 m s-l ; (fl) & = 1.25 m s-’ ; ( x ) Cm&n ff3l. 
(-.-) Equation (15), A3 = 3.7, x&d = 0. (--) Equation (IS), AS = 5.3, z&d = 2.1. (-) Chen and 

Rodi [ 1 I J. (- -) Wilson and Danckwerts 191. 
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8 
i 

0 ’ I I I 

0 20 40 
x/d 

FIG. 5. Half value radii of temperature profiles. (+) Ur = 0.75 m s- ’ ; (0) U, = 1.25 m s- ’ ; ( x) Corrsin 
[8]. ((-) Equation (14), A, = 0.20, xOJd = 4.4. (--) Equation (14), A, = 0.17, x,,4/d = 5.6. (---) Chen 

and Rodi [ 111. (- -) Wilson and Danckwerts [9]. 
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FIG. 6. Eddy diffusivities of heat along the jet centre line. (+) lJr = 0.75 m s-’ ; (0) U, = 1.25 m s- I. 
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FIG. 7. Turbulent Prandtl numbers as a function of centre line velocity. (+) U, = 0.75 m s-l ; 
(0) U, = 1.25 m ss’. 
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FIG. 8. Turbulent Prandtl numbers for various liquid sodium flows as a function of turbulent Reynolds 
number. (+) Ua = 0.75 m s-‘; (0) U, = 1.25 m s-‘. F, Fuchs [S] ; S, Sheriff and O’Kane [2]. 
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ligible for very low values of eHO/tl and can, therefore, 
be neglected : 

Pr, = 1.8exp(-1.&,&)+0.9. (17) 

The utility of this expression lies in the fact that once 
the eddy diffusivity of momentum has been found 
from turbulence flow models such as the k-c one, 
equation (17) becomes an expression in &a. Solu- 
tion of this equation for c&a is readily possible 
by standard numerical analysis techniques such as 
Newton’s method. The resultant value of EH,,/a can 
then be used in the thermal energy equation to solve 
for the temperature field. 

CONCLUDING REMARKS 

Combination of the above jet flow results with those 
previously available indicates that at low flow veloc- 
ities, turbulent Prandtl number is velocity dependent 
and increases with decreasing velocity. The simple 
inverse relationship proposed by Jischa [4] and given 

3.0 I- 

t 

2.0 I- 

t 
a 

1.0 

0 i- 

0 

by equation (1) could not be verified with the jet flow 
measurements reported here, perhaps due to 
the difhculty of direct measurement of a meaningful 
length scale for a mean or turbulence velocity based 
Reynolds number in liquid sodium and the inability 
to reach sufficiently low velocities, but an alternative 
relationship for Pr,, equation (17), has been found to 
give a good fit to available experimental data obtained 
above and that obtained by others in pipe flow. This 
expression contains the velocity or Reynolds number 
dependence through the eddy diffusivity, which con- 
tains considerably more flow information than mean 
or turbulent velocity based Reynolds numbers. 

Combination of results for the three different liquid 
sodium flows shows that an increase in turbulent 
Prandtl number becomes noticeable when cH/a < 2.5, 
which can also be expressed as E~/V < 2SPrJPr or 
simply em/v < 2/Pr, since Pr, > 0.9 in equation (17) 
and the exact point of deviation of Pr, from 0.9 is 
somewhat arbitrary. Very large turbulent Prandtl 
numbers are due to high fluid conductivity leading to 

1.0 2.0 3.0 
Em/a 

FIG. 9. Turbulent Prandtl number for various liquid sodium flows as a function of eddy diffusivity of heat. 
(+) U, = 0.75 m SC’; (0) U, = 1.25 m s-‘. F, Fuchs [5]; S, Sheriff and O’Kane [2]. 
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an inertial-conductive flow regime where the momen- 
tum field is still turbulent but no longer produces 
significant turbulent heat transport even though a 
temperature gradient still exists. Physically, this will 
occur where heat transfer is by conduction, that is, 
molecular diffusion. Such an inertial-conductive 
regime is clearly incompatible with the turbulent 
diffusion assumption inherent in the turbulent Prandtl 
number. 

These considerations lead to the natural conclusion 
that simple turbulent Prandtl number modelling for 
low Prandtl number fluids may not lead to reliable 
predictive schemes for very low velocities or flows 
with low eddy diffusivities. It may be thought that the 
use of transport equations for 6’ and en as proposed 
by Nagano and Kim 1121 will lead to a predictive 
scheme free of a turbulent Prandtl number. The pros- 
pects are not good, however, since the constant of 
proportionality used to relate eddy diffusivity of heat 
to turbulent kinetic energy, temperature fluctuation 
level and their respective dissipation rates contains the 
turbulent Prandtl number and the thermal-to-velocity 
time scale ratio. Available results indicate that Pr, is 
a function of velocity and recent results by Bremhorst 
et al. [13] have shown that the time scale ratio is a 
function of molecular Prandtl number. This constant 
of proportionality should, therefore, be a functional 
relationship. 
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NOMBRES DE PRANDTL TURBULENTS DETERMINES EXPERIMENTALEMENT 
DANS LE SODIUM LIQUIDE A FAIBLES NOMBRES DE REYNOLDS 

R&sum&-Des nombres de Prandtl turbulents sont deduits des mesures de distribution de vitesse moyenne 
et de temperature moyenne et de leur rayon de demi-valeur pour un jet de sodium liquide dans un fluide 
au repos. Les resultats obtenus indiquent une dependance vis-bvis de la vitesse et sont semblables a ceux 
rapport&s dans la litterature pour les bcoulements en conduite. La dependance I la vitesse. qui est supposee 
etre due a la transition vers un regime d’tcoulement inertiel-conductif ou la diffusion turbulente thermique 
inherente au nombre de Prandtl turbulent devient pronon& a faible vitesse. Une combinaison des don&es 
du nouvel ecoulement de jet et de l’ecoulement existant de sodium liquide en conduite fournit une relation 
fonctionnelle simple entre le nombre de Prandtl turbulent et la diffusivite thermique turbulente qui peut 
ttre obtenue pour .sri si Ed est connu. Les resultats combines montrent que, pour le sodium liquide, des 
accroissements sensibles du nombre de Prandtl turbulent apparaissent quand sH/a < 2,5 c’est-a-dire quand 
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EXPERIMENTELL ERMITTELTE TURBULENTE PRANDTL-ZAHLEN IN FLUSSIGEM 
NATRIUM BE1 KLEINEN REYNOLDS-ZAHLEN 

Zuaannnenfassung-An einem StrahI aus fliissigem Natrium, der in ein praktisch ruhendes Fluid ausstromt, 
wurden Messungen ausgefilhrt. Aus den ermittelten Verteilungen der mittleren Stromungsgeschwindigkeit 
und der mittleren Temperatur sowie aus deren Halbwert-Radius werden turbulente Prandtl-Zahlen 
abgeleitet. Die Ergebnisse zeigen einen Einflug der Striimungsgeschwindigkeit und sind im iibrigen 
ahnlich wie diejenigen aus der Literatur fiir Rohrstromungen. Die Geschwindigkeitsabhigigkeit ist bei 
kleinen Geschwindigkeiten besonders ausgepr&t. Von ihr wird angenommen, dag sie durch Obergang in 
das Gebiet einer tragheits/leitungsbestimmten Striimung zustande kommt, wo die turbulente Diffusion von 
Wlrme als Teil der turbulenten Prandtl-Zahl nicht mehr existiert. Aus der Kombination der neuen Daten 
fur die Strahlstromung und vorhandenen Daten filr die Rohrstromung von fltlssigem Natrium ergibt sich 
eine einfache Beziehung zwischen der turbulenten Prandtl-Zahl und der turbulenten Temperatur- 
leitfahigkeit, aus der leicht sn berechnet werden kann wenn ss, bekannt ist. Die kombinierten Ergebnisse 
zeigen. da13 die turbulente Prandtl-Zahl fur fliissiges Natrium bei Stromungsbedingungen snja < 2,5 

signifikant zunimmt, d.h. wenn a& < 2/Pr ist. 

3KCIIEPMMEHTAJIbHOE OI-IPEJ@JIEHME TYPBYJIEHTHbIX gMCEJ’I I-IPAHJITJIR B 
)I@ImOM HATPWH I-IPW HH3KHX gMCJIAX PEtiHOJIbACA 

AooTvHa oc~oae sr3MepenntI pacnpertenemrfi cpenrteir caopoc~~ E TeMnepa-rypbr H nx snaqemrii 
na nonomine pamiyca crpysi -or0 na3pua, acreaarometi B nenonmuruiyro cpeny, onpenenenbr 3riaqe- 
HHR Typ6yneHTHOr0 wcnKn~~.nOnygeHHblePe3yJIbTaTbInOKa3bIB~T,STO OHE3aBHCKTOT CKO- 

poem si aHanorsimibI memummB B nmepaType QRK Teqed B Tpy6ax. 3ae~c~bmc~b 0T cnopoma, 

O~~CJIOBJI~HH~~~~~~~A~MKBH~~I&EOHHOKO~~KTEBHOM~P~~W~YT~¶~HE&KO~~ OTC~TB~VI XapBK- 

Tepiias nnn Typ6ynemoro wcna llpa~n~nn Typ6yneHTHan mi4n$y3Ea Tenna, cmionmcn 6onee 
CyUWZTBeHHOfi npa riE3KEx c~opoc~xx. Home pe3ynbTa?%r &an CTpyiiHOrO TeYemiP BMecTe c EMeIoqH- 
MHCR AaHHbrMH &an Teqemiii B ~py6a.x B cnygae minKor HaTjms llO3BOnKBJT ycTBIiOBmb lIpocqm 

@ymmioHanbHyio 3mmmfoc~b bienny Typ6ynewHbuu qHcnor4 llpaarrrnn E Typ6ynenTrtoT rehmepa- 
TypO~OBO~OCTblO,KOTOp~ nerK0 pe"IaeTCK ,,pE E3BecTHblx 3HaqeHiwx E" II Ed. llonyremwe pesy- 

nbTaTbI 60KB3bIBBlOT, ST0 B Cny'lae C m HaTpHeb4 npo~cxorw cylrrec~~e~~~e yBenweHHe 

Typ6yneHTHOrOnHCJTa ~paAnTnXIIpUyCJIOBHH,'lTO&~/Q < 2,5,T.e., KOrAa EM/V < 2/I+. 


